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Chapter 1

Limit and Continuity

1.1 Definition of Limit

As the precise definition of a limit is a bit technical, it is easier to start with an informal defi-
nition; we’ll explain the formal definition later.

We suppose that a function f is defined for z near ¢ (but we do not require that it be defined
when z = ¢).

Definition 1.1: (Informal definition of a limit)

We call L the limit of f(x) as x approaches c if f(x) becomes close to L when z is close
(but not equal) to ¢ , and if there is no other value L' with the same property.
When this holds we write

lim f(z) =L

Tr—cC
or
flz) > L as z—c

Notice that the definition of a limit is not concerned with the value of f(x) when x = ¢ (which
may exist or may not). All we care about are the values of f(x) when z is close to ¢ , on either
the left or the right (i.e. less or greater).

Definition 1.2

Let f be a function defined on some open interval that contains the number c, except
possibly at c itself. Then we say that the limit of f as x approaches c is L, and we write

lim f(x) =L

Tr—cC

if for every number € > 0 there is a number § > 0 such that

if0<|xz—c|<dthen | f(x)—L|<e

Since | « — ¢ | is the distance from x to ¢ and | f(x) — L | is the distance from f(z) to L,and €
can be arbitrarily small, the definition of a limit can be expressed in words as follows:

lim f () = L means that the distance between f(z) and L can be made arbitrarily small by

taking the distance from z to a sufficiently small (but not 0’s).

Alternatively, lim f(z) = L means that the values of f(x) can be made as close as we please
to L by taking x close enough to ¢ (but not equal to ¢). We can also reformulate definition in
terms of intervals by observing that the inequality |  — ¢ |< § is equivalent to —0 <z —c < §
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Figure 1.1: The € — § definition of the limit of f(z) as = approaches a

, which in turn can be written as ¢ — 6 < < ¢+ 6. Also 0 <| # — ¢ | is true if and only if
r —c# 0, that is, z # a. Similarly, the inequality | f(z) — L |< € is equivalent to the pair of
inequalities L — € < f(z) < L + €. Therefore, in terms of intervals, definition can be stated as
follows:

lim f(2) means that for every € > 0 (no matter how € is small) we can find § > 0 such that if z

lies in the open interval (¢ —d,c+9) and x # ¢, then f(x) lies in the open interval (L —¢, L+¢)

Example 1.1

Prove that glglig(llx -5 =".

Solution:-

Let € be a given positive number. We want to find a number ¢ such that

|(4z — 5) — 7| < € whenever 0 < |z — 3| < d. But |(4z — 5) — 7| = |4z — 12| = 4]z — 3.
Therefore, we want 4|x — 3| < € whenever |x — 3| < § this implies |z —3| < éfl whenever
€

|x — 3| < & This suggests that we should choose § = 1

© Dejen K. 2020 3



1.1. DEFINITION OF LIMIT DBU

Example 1.2

Using formal definition of limit prove that lim 2 =4
z—

Solution:

We must show that for any € > 0 there exists 6 > 0 such that |z*> — 4| < € when ever
0 < |z — 2| < § Factoring, we get |z — 4| = |z — 2||z + 2| we want to show that |z* — 4|
is small when x is close to 2. To do this, we first find an upper bound for the factor
|z 4 2|. If z is close to 2, we know that the factor |x — 2| is small, and that the factor
|z + 2| is close to 4. Because we are considering values of x close to 2s, we can concern
ourselves with only those values of x for which |z — 2| < 1; that is, we are requiring the
3, for which we are looking, to be less than or equal to 1. The inequality |x — 2| < 1
is equivalent to —1 < = — 2 < 1 which is equivalent to 1 < x < 3 or, equivalently,
3 < x+ 2 < 5. This means that if |x — 2| < 1, then 3 < |z + 2| < 5 therefore, we have

1
|22 — 4| = |z —2||z+2| < 5|z —2|. Now we want 5|z —2| < € or, equivalently |z —2| < BE:

Thus, if we choose d to be the smaller of 1 and g, then when ever |z — 2| < 4, it follows

1
that |z —2| < =€ and |z +2| < 5 because this is true when |x —2| < 1 and so |2? — 4| < g
Therefore, we conclude that |x? — 4| < € whenever 0 < |z — 2| < § if § is the smaller of

the two numbers 1 and g, which we write as § = min(1, g)

Prove that
72
a)lim(=2z+7) =1 b)lim OS] =0, C)}Ji%,(xz) =9
d) xl_i)n_lg(xQ -9)=0, e glcli)%(a?) =0 f)lim(=bz+c)—ab+c

1.1.1 Basic limit theorems

Theorem 1.1

Operational Identities for Limits Suppose that 9151_% f(z) =L and il_)Hi g(x) = M and that
k is constant. Then

o limk- f(x)=Fk-limf(x)=Fk-L

Tr—cC r—cC

e lim f(x) +g(w)} =lim f(z) + limg(z) = L+ M

Tr—cC

o lim | f(2) - g(x)

Tr—c

=lim f(z) — limg(z) =L — M

Tr—C Tr—C

e lim f(x)g(a:) = lim f(x) - limg(z) =L - M

Tr—cC L T—>C Tr—C
S _Imf@) L .
1 p— = —
e lim o(2) ~ lmg@) provided M # 0

T—C

© Dejen K. 2020 4
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1.1.2 Direct Substitution Property

If f(x) is a polynomial or a rational function and a is in the domain of f(z) , then

lim f(z) = f(a)

r—a

Example 1.3

1. Evaluate the following limits and justify each step.

(a) lim 22? — 3z + 4
T—5

i T
(b) alclgéll \/3 —7xr+1

Solution:
1. (a)
. 2 T 2\ 1: .
}31_)1%(21‘ 3r+4) = 3161_>Ir%(2x ) i_r)%( 3z)+4 (by rule 1 and 2)
=2lim2® — 3limz +4 (by rule 3 and 7)
z—5 T—5
=2(5%) —3(5) +4 (by rule 9)
=50—-15+14
= 39
(b)

Theorem 1.2

If f(x) < g(x) when z is near a (except possibly at a ) and the limits of f and g both

exist as x approaches a, then
lim f(z) < lim g(z)

T—ra r—a

© Dejen K. 2020 )



1.1. DEFINITION OF LIMIT DBU

Theorem 1.3: Squeeze Theorem

If f(x) < g(z) < h(z) when x is near a (except possibly at a ) and

lim f(z) = lim h(z) = L then lim g(x) =L

T—a Tr—a Tr—a

which is sometimes called the Sandwich Theorem.

Example 1.4: S

1
ow that hn% x? sm — =0

Solution:First note that we cannot use

1 1
lim 2% sin — = lim 22 - lim sin —
z—0 I8 z—0 z—0 €T

o1 ) .
because hr% sin — does not exist. However, since
T €T

1
—1<sin—<1
75

Multiply both side by x? we get

—? < 2? sinl < g
5
We know that lim —2? = 0 and lim r? = 0 taking f(z) = —2?, h(z) = 2* and g(z) =
T—> T—>

1
x?sin — by the Squeeze theorem, we obtain
i

1
lim z?sin — = 0
z—0 x

© Dejen K. 2020 6



1.1. DEFINITION OF LIMIT DBU

Example 1.5

Show that

in 6
sinb _

R
Proof: To show that the limit is 1, we begin with positive values of 6 less than 7. Notice

that from the following figure

We have Area AN OAP < Area sector OAP < Area AOAT. We can express these areas
in terms of 0 as follows:

1 1 in 6
Area AN OAP = ibase X hieght = 5(1)(sin 0) = 51121
1 1 0
Area sector OAP = 57’29 = 5(12)(9) =35
1 1
area AN OAT = §base X hieght = 5(1)(tan 0) = tan g

Thus sin 6 < Q < tane‘
2 2 2

This last inequality goes the same way if we divide all three terms by the number ﬁ
which is positive since 0 < 0 < /2

—_

= i <
sinf = cosf

Taking reciprocals reverses the inequalities:

1> >

-1

sinf _ cosf
0

0
Since lim =7 =1 and lim1 = 1 then by the Sandwich theorem gives
6—0 1 6—0

sin 6

e =l

. . sin 6
Recall that sin 6 and 6 are both odd functions . Therefore, f(0) =
with a graph symmetric about the y-axis (see the above figure). This symmetry implies

that the left-hand limit at 0 exists and has the same value as the right-hand limit:

is an even function,

~ sinf _ sind
lim —=1= lim —
00+ 0 00— 0

S o P g
0—0

© Dejen K. 2020 7



1.1. DEFINITION OF LIMIT DBU

1.1.3 One sided limits
Definition 1.3

Let f be a function which is defined at every number in some open interval (a,c). Then
the limit of f(x), as x approaches from the right a, is L, written

lim f(x) =1L

z—at

if for any € > 0, however small, there exists a 6 > 0 such that |f(z) — L| < ¢ whenever
O<z—a<d

Example 1.6

using the definition to prove that 111%1+ V=0
z—
Solution:
1. Guessing a value for 0. Let € be a given positive number. Here a = 0 and L = 0 so
we want to find a number 0 such that |\/x — 0| < € whenever 0 <  — 0 < 0 that is
Vx < € whenever 0 < x < 0 or, squaring both sides of the inequality \/x < €, we
get v < €2 whenever 0 < x < §. This suggests that we should choose § = €

2. Showing that this § works. Given ¢ > 0, let § = ¢*. If 0 < x < §, then /x <
V6 = Ve = e So|xr—0| < e According to the definition, this shows that

limm_,0+ \/E =0

Definition 1.4

Let f be a function which is defined at every number in some open interval (d,a). Then
the limit of f(x), as « approaches from the left a, is L, written

lim f(x)=1L

T—a—

if for any € > 0, however small, there exists a 6 > 0 such that
|f(z) — L| < € whenever —0 <z —a < 0

Example 1.7
Show that lim /4 —x =0

z—4-

Solution: For every ¢ > 0 we need to find a 6 > 0 such that if —0 < x — 4 < 0 then
[Vi—x—0] <e Since |[vVi—x—0|=|Vi—z|<e = |d—z|<& = - <(x—4)<
€€ = —e < (r—4) <0 then if —6 < (x —4) < 0 then —e*> < (x —4) < 0. This suggests
that we should choose § = €2. Therefore, we conclude that

lim v4—2=0

x—4~

Theorem 1.4
lim f(x) = L if and only if

lim f(z) =L = lim f(x)

T—ct T—sc™

© Dejen K. 2020 8



1.1. DEFINITION OF LIMIT DBU

T
Show that a) liir(l) |z| = 0 and lim,_,o — does not exist.
a3 X

1.1.4 Infinite limits, limit at infinity and asymptotes

Definition 1.5

Let f(z) be a function defined on some open interval that contains the number a, except
possibly at a itself. Then

i lim+ f(z) = oo means that for every positive number M there is a positive number
Tr—a

d such that f(x) > M whenever 0 < x —a < ¢

ii lim f(x) = oo means that for every positive number M there is a positive number
T—a—

d such that f(x) > M whenever —6 < x —a < 0

iii glﬁl_rg f(z) = oo means that for every positive number M there is a positive number

d such that f(x) > M whenever |z —a| < ¢

Example 1.8

|

By using the definition prove that lim, o — = 00
x
Solution: Let M be given large number, we want to find a 6 > 0 such that f(x) > M
1
when ever 0 < |z — 0| < § or — > M when ever 0 < |z| < § that is, ° < i when
i3

1
ever 0 < |z| < ¢ or || < —= when ever 0 < |z| < §. This suggests that we should take

VM

0 = ——. Therefore lim i = 00.

\/M z—0 12

Definition 1.6

Let f(z) be a function defined on some open interval that contains the number a, except
possibly at a itself. Then

0 lim+ f(z) = —oo means that for every negative number N there is a positive number
Tr—a

d such that f(x) < N whenever 0 <z —a < 0

it lim f(x) = —oo means that for every negative number N there is a positive number
r—a~

d such that f(z) < N whenever —§ < x —a <0

10 liin f(z) = —oo0 means that for every negative number N there is a positive number
x a
d such that f(z) < N whenever 0 < |z —a| <9

© Dejen K. 2020 9



1.1. DEFINITION OF LIMIT DBU

Example 1.9

|

Show that lim,_,,- — = —oc0

Solution: Let N be given negative small number, we want to find a 6 > 0 such that

1
f(z) < N when ever —0 < x —0 < 0 or — < N when ever —§ < x — 0 < 0 that is,
i

1 1
x > N when ever —) < x < 0. This suggests that we should take § = N Therefore

lim,_,o- — = —o0.
x

Definition 1.7

We say that f(x) has the limit L as x approaches infinity and write

dig fla) = L
if, for every number € > 0 there exists a corresponding positive number M such that for

all ©
x>M=|f(x)—L|<e

Example 1.10

Show that |
lim — =0
T—>r00 €x

Solution: Let € > 0 be given. We must find a positive number M such that for all x
1 1
z>M=|--0=|-|<e
7 i

1 1
x> M = x > — because x is positive . The implication will hold if M = — or any larger
€

€
positive number. This proves that

1
lim — =0
T—00 ¢

Definition 1.8

We say that f(x) has the limit L as x approaches negative infinity and write
if, for every number € > 0 there exists a corresponding negative number N such that for

all x
r<N = |f(x)—L|<e

© Dejen K. 2020 10
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Example 1.11

Show that

1
lim — =0
T——00

Solution: Let € > 0 be given. We must find a negative number N such that for all x

1 1
r<N=|-—-0/=|=|<e¢
X T

1 1
r < N = x < —— because x is negative. The implication will hold if N = —— or any
€ €
small number. This proves that
1
lim — =0
T——00 I

Theorem 1.5

Suppose that ¢ is a constant and the limits Ll)rin f(z) = L and ll)rin g(x) = M exist.
Then

1. Sum rule xl_l}riloo[f(l') +g(z)]= lim f(z)+ lim g(x)=L+ M.

r—Fo0 r—F00

2. Difference rule mgrinoo[f(:l:) —g(x)] = xgrinoof(a:) — lim g(x)=L—- M.

r—+o00

(98

. Constant Rule wgriloo[cf(a:)] =c lim f(z) =cL.

4. Product Rule mll)rinoo[f(:v)g(x)] = lim f(z) lim g¢(x) = LM.

T—300 r—300

(x)] _ lim, 4o f(2)

L .. .
(x) lim gz) M if Hm g(x) # 0.

r—Fo00

%)

. Quotient Rule lim [f
x—+to0 g

© Dejen K. 2020 11



1.1. DEFINITION OF LIMIT DBU

Example 1.12

Using the above theorem evaluate the following limits at infinity
422 4 2 o 2l
; e b). 1
&) i ) 53
Solution: a). b).
x2(4 + i)
VA2 a? e T
L T T =5 A8
T + l’(?) + _) Tr — 2
x 73
1 . .1
(4+ ) _ Tt
= lim I  lim2— lim S
(3+-) = R -
xl _00+0
Jim (4 + —5) 2-0
— 1 e
lim (3+ —) e
T—r 00 X = 00
lim 4+ li L
(fim 4+ lim —5)
- |
(lim 3+ lim —)
Tr—r00 T—r00 €T
4 +0)
 (3+0)
2
-3

Definition 1.9

The line y = b is called a horizontal asymptote of the curve y = f(x) if either
lim f(z) =b or/and lim f(x)=0b

T—00

Example 1.13

|

1

Find lim — and lim —.

T—00 Tr—r—00 T
Solution: Observe that when is large, is small. For instance, In fact, by taking large
enough, we can make as close to 0 as we please. Therefore, according to Definition , we

have Similar reasoning shows that when x is large negative, 1/z.

Definition 1.10

A line x = a is a vertical asymptote of the graph of a function y = f(x) if either
lim f(z) =400 or/and lim f(x) = +oo
r—a—

T—at

© Dejen K. 2020 12



1.1. DEFINITION OF LIMIT DBU

Example 1.14

2 2
Find lim (—— ° ).
T3~ T — a—3t x — 3
Solution: If x is close to 3 but larger than 3, then the denominator x — 3 is a small

positive number and 2z is close to 6. So the quotient 2x/x — 3 is a large positive number.

lim ( 20

z—3+ x—3):OO

Likewise If x is close to 3 but smaller than 3, then the denominator x — 3 is a small
negative number and 2x is close to 6. So the quotient 2x/x —3 is a large negative number.

2
lim ( ’

r—3~ .’L'—3):_OO

The graph of the curve y =

* 3 is given in the following figure. The line is a vertical

asymptote.

Example 1.15

Find the vertical and horizontal asymptotes for the graph of

/2 T = T = 2
a). f(z) = % "V f<4322+5 o o 1) =y 23763;—31

Solution: a) We are interested in the behavior as x — +oo and as x — 1 where the
denominator is zero.

and then
, %+ 2 , 2+ 2 _ %+ 2
lim —— = —o0, lim ——— =00, lim —— =1
z—1- 1 —1 =1+ x —1 z—oo g —1
and
242
lim s -1
z——00 1 — 1
Va2 +2
x = 1 is the vertical asymptote of f(x) = :c—+1 and also y =1 and y = —1 are
x J—
242
horizontal asymptote of f(x) = x—+1
x J—

© Dejen K. 2020 13
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DBU

Special limit

]{ mx
e lim <1 + —> =™k
T—>+00 x
1\2%
e lim (1 + —) =e
r—r+00 €x
) 1\* 1
e (1-1)= 1
T—>+00 x e
. ( 7z )‘” 1
[ ] 1m = —
z—too \x + k ek

n—oo Y nl

lim 2”\/2—\/2+\/2+...—|—\/§=7r

n—00

a®—1
( ) =lIna,
z—0 TE

lim
lim (14a (e —1)) * =

Va>0

Find the limit

o 4x . tan z—sin x : 6 z . z+3 z-1
L T e o s 9. Jim (1+2) 13. lim (=)
2. lim Sos3z_cosz 6. lim Yl-cosz 10. lim /1 + 3z
z—0 Z z—0+0 z x—0 . Inz-Ina
e 14. lll}'l o a
. sinbz-sin3z ; 1\"  (wta)® z=a
3 iy = 7o dim (142)7 1 Jim (55)
. inax o 3z o x z 0 o %
4. lim o2 8 lim (1+ 1) 12. lim (%) 15. lim (1 + sin )
Solution:
1. 2. We factor the numerator:
L= tim 2 3rx  Brta
50 sin 3z cos 3r—cosT = —2sin sin
2 2
. 3-4dx . .
= lim — = -2sinz sin 2.
z—0 3 sin 3x
4 3x
= 3290 gin 32 This yields
4 . 1
= — 1 — . .
3 70 Sn3z . cos3x—cosx . (-2sinwsin2x)
lim 1 T x?
— % 220 . sinx . sin2z
3 lim 232 = —2lim —— - lim —
o 2sin 2x
) ) =—-2-1-1lim
Since 3x — 0 as x — 0, we can write: 20—0 2
. sin2x
4 E{}%l :_2'221%2) x =4
3 lim —Sig Sz
z—0 9T
B 4 3. We use the following trigonometric iden-
~ 3 lim S‘gﬁ tity:
3z—0 ©°%F
4 4
= = _ Ty T +y
3-1 3 :

© Dejen K. 2020
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1.1. DEFINITION OF LIMIT

Then we obtain

2 sin 2£3Z cog

sin bx—sin 3x 3

bx+3x
2

m-——— = lim
z—0 SIn x z—0 sinx

2sin x cos 4x
=lim —MM—
z—0 s x

= lim (2 cos4x) .

z—0

As cosdx is a continuous function at
x =0, then

lim (2 cos4x) = 2 lim cos 4x
z—0 z—0

=2-cos(4-0)=2-1=2.

L = lim —
z—0 sin bx

a br
b ax

. sin ax bx a
z—0 ar sinbxr b
: sin ax
a i s
b hm sinbx *
r—0 0T

Obviously, az — 0 and bz — 0 as z — 0

. Then
L_elmTE 01 _a
bhms”blb"” b 1 b
x—0

5. We apply the following transformations:

tan x—sinx

L = lim 3

z—0 €T

, z;‘;fc —sinx
= [1m

r—0 x?’

sinz (-1

— lim cos T

x—0 x?’

. sinx (1-cos )

= lim 2
xz—0 T2 COSx

[sin r l-coszx

= 111m
z—0

T x?cosx

As 1-cosz = 2sin*%, we have

L = lim

x—0

[sin xr 1-cos x}
r  x?cosz
sinx 2sin?%

= lim .

2
x  x2cos x]

SlI’l 5

lim =22 . 2 lim

lim cos z
x—0

© Dejen K. 2020 15

DBU
Here
lim S =1 and limcosz = 1.
z—0 x—0
Hence,
s 2z
L=2lim 22
z—=0 o
sin’% 4
— 1 2 [
29101£>%< 2 4>
2T
£ 1
= 2 lim (Sm2 z. )
z—0 5”4 4
1 in?Z
— g 2t
2 250 <£)
2

Here 5 — 0 when x — 0 , therefore,

. 2
1 N\ 1
L=-lim(22) =-.12=_.

6. Use the trigonometric formula:
x
1-cosx = 251n2§.

Then the limit can be written in the form

v 1-coszx

L= lim
z—0+40 €T
\/2sin*Z
= lim —=
z—0+4+0 x
2z




1.1. DEFINITION OF LIMIT DBU

We used here the fact that the limit re- Introduce the new variable: y = % As
mains the same when replacing z — 0 to xr — o0,y — 0 and, hence,
5 —0
2 2a 2a
7 r-a=-—, T=0a+ —.
n+5
lim (1 + ) Substituting this into the function gives
n—o0 n
1\" 1\° . 2a \*
= lim [(1%—) <1+>] Lzh_)m (1—1—)
n—o0 n n T—00 Tr—a
2a
1\" 1\° = lim (1 +y)"" v
= lim (1 + ) - lim (1 + ) lHO( v)
T o —lim (1+y)° - Tim (1+3)
e l—e = lim (1+)" - lim (1 + )
=12 = ¢,
8. By the product rule for limits, we obtain
) 1\3% 12. First we transform the base:
lim (1 + )
T—00 €T T T
. 1\ 1\ 1\* L= lim ( )
= lim <1+>-hm <1—|—>-hm (1+> z—oo \x 4 1
T—r00 €T T—00 X T—00 €T T + 171 x
| =1
—creo=ct i (557)

. I
= lim (1 ) .
9. Substituting g = % , so that = = 6y and )

Yy — 00 as x — 00 , we obtain Letfﬁ:y. Then$+1:*§a =
6\ 7 x:—i—l and y — 0, if z — oco. Now
lim (1 + ) we can find the limit:
T—00 €T
6y 1 T
1 .
— T - L = lim (1 >
1\¥1° =lim(1+4+y) ¥
= lim KH—) ] o )
e Y lim (14 9) v
1\Y1° _yz0
= [lim <1+> ] =l lim (14 )™
y—r00 Y y—0
. 1971
10. i [(14y)?]
lim /T 32 = lim (1 + 3)’* b
— T—
1 g 173 = {hm (1 +y)y} =~
= lim (1 +32)%° = lim [(1 + 32)%] y=0 e
3z—0 3z—0
_ 3hm0 (1+ Sx)i ’ — B 13. We can transform this limit as follows:
T—r
o1 x+3\"!
11. We first transform the base of the func- s ( ) )
tion: -2+ 5\
T+ a\T =}£20( pou; )
L = lim ( )
T—00 T—Q v |+ 5 -1
. (Ta+2a\" = ( M)
=, ( z-a > 5o\ =21 T
2a \* .
— ] el =1 1+ —
_ash—{go <1+xa) . w00 l( +az2) ]
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Replace the variable:

bt 5 5
T2 Y Y
Here y — 0 as © — 0 . Then the limit is
w2 5(x—1)
) 5 5 x—2
L = lim <1+)
T—00 x—2
IRNRPRCER)
= lim | (1 +y)v]
T 175+y
= lim |(1 +y)¥)
lim [(1+4)3] - Tim [(1+4)3]"
= lim [(1+9)¥] - lim [(1 + )]
T 115 .
= lim |(1+y)v| - lim (1 +y)
=e’-1=¢"

14. Let x—a =1t . It is easy to see that t — 0
as © — a . Then

Inz—1
I — ljp e
r—a xr—a
~ lim In(t+a)-Ilna
t—0 t
In e
= lim a
t—0 t
. t
=lim - 1In <1+>
t—0 a

Make one more change of variable:

t
—-=2, z—0 as t—0.
a

Hence, the limit becomes

L:hmlln(l—l—t
t a

t—0

1
= lim —In (1 + z)
z—0 az

15. The limit can be represented in the fol-
lowing form:
L = lim (1 + sin m)%
z—0
1 sin

= lim (1 4 sinz)sme"=
z—0

sin x

= lim [(1 +Smx)sm%}

x—0

After taking logarithm, we have

T—r

InL =1n <lirr(1) [(1 + smx)rlw};z>

= lim (smx In {(1 + Sinx)siiwD

Besides
that, sinx — 0 as x — 0 , therefore,
we can replace the transition x — 0 in
the second limit with the equivalent limit
sinz — 0 . This yields

(ln [(1 + sin x)ﬁ])
[(1 + sin x)ﬁ} .

We notice that lim 22 = 1
z—0 T

InL =1- lim

sin z—0

=1In lim
sin x—0

1
As lim (14sinx)sme =e
sinz—0

InL=Ine=1.

Thus, L =e

1.2 Continuity and One Sided Continuity

We are now ready to define the concept of a function being continuous. The idea is that we
want to say that a function is continuous if you can draw its graph without taking your pencil
off the page. But sometimes this will be true for some parts of a graph but not for others.
Therefore, we want to start by defining what it means for a function to be continuous at one

© Dejen K. 2020

Jim (ln {(1 + Sinx)ﬁb :



1.2. CONTINUITY AND ONE SIDED CONTINUITY DBU

point. The definition is simple, now that we have the concept of limits:

Definition 1.11: (continuity at a point)

If f(x) is defined on an open interval containing ¢, then f(x) is said to be continuous at
c if and only if

lim f(2) = f(c).

Tr—C

Note that for f to be continuous at ¢, the definition in effect requires three conditions:
1. that f is defined at ¢, so f(c) exists,
2. the limit as x approaches c exists, and
3. the limit and f(c) are equal.

If any of these do not hold then f is not continuous at c.

The idea of the definition is that the point of the graph corresponding to ¢ will be close to the
points of the graph corresponding to nearby z-values. Now we can define what it means for a
function to be continuous in general, not just at one point.

Definition 1.12

A function is said to be continuous on (a,b) if it is continuous at every point of the
interval (a,b) .

We often use the phrase "the function is continuous” to mean that the function is continuous at
every real number. This would be the same as saying the function was continuous on (—o00, 00),
but it is a bit more convenient to simply say ”continuous”.

Note that, by what we already know, the limit of a rational, exponential, trigonometric or
logarithmic function at a point is just its value at that point, so long as it’s defined there. So,
all such functions are continuous wherever they’re defined. (Of course, they can’t be continuous
where they’re not defined!)

1.2.1 Discontinuities

A discontinuity is a point where a function is not continuous. There are lots of possible ways
this could happen, of course. Here we’ll just discuss two simple ways.

1.2.2 Removable discontinuities
2

x
The function f(x) = is not continuous at x = 3. It is discontinuous at that point be-

cause the fraction then becomes — , which is undefined. Therefore the function fails the first

of our three conditions for continuity at the point 3,3 is just not in its domain.

However, we say that this discontinuity is removable. This is because, if we modify the
function at that point, we can eliminate the discontinuity and make the function continu-
ous. To see how to make the function f(z) continuous, we have to simplify f(z) , getting

=9 (z+3)(z—-3) x+3 x—3
&) = g = -3 1 13

. We can define a new function g(x)) where
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1.2. CONTINUITY AND ONE SIDED CONTINUITY DBU

g(x) =z +3 . Note that the function g(z)) is not the same as the original function f(z) ,
because g(z) is defined at @ = 3, while f(z) is not. Thus, g(z) is continuous at x = 3 , since
liI%(x +3) =6 =g(3) . However, whenever x # 3 , f(x) = g(z); all we did to f to get g was
z—

to make it defined at = = 3.

In fact, this kind of simplification is often possible with a discontinuity in a rational function.
We can divide the numerator and the denominator by a common factor (in our example x — 3
to get a function which is the same except where that common factor was 0 (in our example
at x = 3. This new function will be identical to the old except for being defined at new points
where previously we had division by 0.

o 1 . r—3
However, this is not possible in every case. For example, the function f(x) = ————— has

22 —6x+9
a common factor of x — 3 in both the numerator and denominator, but when you simplify you

1
are left with g(z) = -t which is still not defined at x = 3. In this case the domain of f(x)
I p—

and g(z) are the same, and they are equal everywhere they are defined, so they are in fact the
same function. The reason that g(z) differed from f(z) in the first example was because we
could take it to have a larger domain and not simply that the formulas defining f(x) and g(z)
were different.

1.2.3 Jump discontinuities

Ilustration of a jump discontinuity

-2

Not all discontinuities can be removed from a function. Consider this function: ot all discon-

L : : : : 1 ifx>0 .
tinuities can be removed from a function. Consider this function: k(z) = 1 ;i <0 Since
lir% k(z) does not exist, there is no way to redefine k at one point so that it will be continuous
T—

at 0. These sorts of discontinuities are called nonremovable discontinuities.

Note, however, that both one-sided limits exist; lim k(x) = —1 and lim k(x) =1 . The

z—0~ z—07F
problem is that they are not equal, so the graph ”jumps” from one side of 0 to the other. In

such a case, we say the function has a jump discontinuity. (Note that a jump discontinuity is
a kind of nonremovable discontinuity.)

One-Sided Continuity

Just as a function can have a one-sided limit, a function can be continuous from a particular
side. For a function to be continuous at a point from a given side, we need the following three
conditions:

1. the function is defined at the point,

© Dejen K. 2020 19



1.2. CONTINUITY AND ONE SIDED CONTINUITY DBU

2. the function has a limit from that side at that point and

3. the one-sided limit equals the value of the function at the point.
A function f(x) is

e Left-continuous at = ¢ if lim f(z) = f(c)
r—c—

® Right-continuous at x = cif lim f(z) = f(e).
T—C

A function will be continuous at a point if and only if it is continuous from both sides at that
point. Now we can define what it means for a function to be continuous on a closed interval.

Definition 1.13

(continuity on a closed interval) A function is said to be continuous on |a,b] if and only
if

1. it is continuous on (a,b),
2. it is continuous from the right at a and

3. It iIs continuous from the left at b.

Notice that, if a function is continuous, then it is continuous on every closed interval con-

tained in its domain.
A j
¥ = [l | . ‘l J\ | ﬂ Ir /
\ / '

REMARK: The discontinuities in parts (b) and (c¢) are called removable discontinuities be-
cause we could remove them by redefining f at just the single number 0. The discontinuity in
part (d) is called jump discontinuity because the function “jumps” from one value to another.
The discontinuities in parts (e) and (f) are called infinite or essential discontinuities.

cos (2rx —a), x<-—1
3+ 1, x> —1

is continuous, what is the value of a?

If the function f (x) :{

Solution:
We calculate the left-hand and right-hand limits at xt = —1 .

zgnll 0 f ( ) - mEEIll—O cos (27’('5(}*0/)

= cos (—27—a) = cosa,
The function will be continuous at x = —1 , if

lim f(z)= lim f(x) or cosa=0.

z——1-0 z——140

Hence,

70
a=§—i—7m, n € Z.
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z% + 2, z <0

Let f(z) =S ax + b, 0 <z <1 Determine a and b so that the function f(x) is
34+2z-2% zx>1

continuous everywhere.

Solution: Solution. The left-side limit at x = 0

lim f(x)= lim (1‘2 + 2) = 2.

z—0-0 z—0-0
is Then the value of ax + b at x = 0 must be equal to 2.
ar+b=2, =a-0+b=2, =b=2.

Similarly, the right-side limit at x = 1 is

lim f(x)

z—140
= lim (3+22-27) =3+21=4
z—140
As seen, the value of ax + 2 at x = 1 must be equal to 4.

ax+2=4, =a-14+2=4, =a=2.

For given values of a and b , the function f(z) is continuous. The graph of the function

¥i
Y= x2
".
\
\ 4
\_ ¥=2x+2
2
\]J-f' = 34 2x-x T
\
o] 1 3| %
|
[
||
is sketched in Figure .
1.3 Limit Exercises
L. Evaluate lim (42” — 3z + 1) One-Sided Limits
T—
Since this is a polynomial, two can sim- . L
ply be plugged in This results in Evaluate the following limits or state that the
4(4) = 2(3) +1 = 16 —.6 f1-11 limit does not exist.
3 1 23 + 2?
. lim ————
z—0- 23 + 22:152
1
Factor as %i In this form we can see that
2z
2. Evaluate lim (2*) 5° = 25 there is a removable discontinuity at x=0 and

T—5
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1 —25
that the limit is — 15. v
2 125 /T — 5
4. lim |2* + 2| —= 1i11215 (ﬁ\ﬁ)<\/§+5)
7~ r— —
72 +7|—7=49 = limy_y05/Z +5) =v25+5)=5+5=10
5. _1>1H117 V1— a2 16. hr% Jzl
T—— z—0 T
V1 =22 is defined if 22 <1 , so the limit is lim m
1-12=0 z—=0—
= limxg)o— %w = limme —1=-1
; 11— 2
6. lm vi-w lim, =l _ lim, o lim 1=1. The limit
T— X T— x T—
V1 —22 is not defined if 22 > 1, so the limit does not exist.
does not exist. 17 lim
x—2 (1: - 2)2
As x approaches 2, the denominator will be a
Two-Sided Limits very small positive number, so the whole frac-
tion will be a very large positive number. Thus,
Evaluate the following limits or state that the the limit is oo.
limit does not exist. VT2 +16
18. hr% —~_3
z— xr —
7. lim As z approaches 3, the numerator goes to 5
z——1x — 1 . )
1 and the denominator goes to 0. Depending on
3 whether you approach 3 from the left or the
right, the denominator will be either a very
8. lim ! small negative number, or a very small positive
e T *14 1 number. So the limit from the left is —oco and
lim = —o00 lim = 400 The limit the limit from the right is +o00. Thus, the limit
z—4- T — 4 z—at r — 4 d .
does not exist. oes not exist.
. 31?2 —8x -3
9. lim 19 lim,) = 13
z—=2x — 2 3(*2)2 — 8(*2) -3
li =— = .The limit
S 53 = 0, o = oo The i sy s 3 s
does not exist. =S0-is = eos =i = "3
22 -9 219,41
10. lim, — 73 20. hmz%
== 2 1% — 20
_ 2
C g @@= 2+22+1 _4+4+1_9_
z——3 z+3 -3 22 -2(2)+1 4—-4+1 1
=-3-3=-6 43
29 21. lim —
. z—=3 1% — 9
1. lim = z+3 1 1
3w+ 3) P Py Yy Sl e i, S
lim 3 =limz+3=3+3=6 v
v3 = w3 lim = +00. The limit does not exist.
Z‘2+2$+1 z—3t r —3
.l 1
12 ngl r+1 22. lim :C2+
lim @ HDE+1) A 11
r—1 1 lim —— = lim —=—=-1
7% lim xfi_: -141= eo-ta(r+1)  emmta
T—— ) 1
5 23. hm1 71
]_ x—1 2
13 lim = :1 1 1
r——1 _— e — —
i (17271‘+1)(x+1) 12 4+1 1+1 2
i
z——1 z+1 24. lim 2% + 52 — ——
= 1im1x2—x+1:(—1)2—(—1)+1 21 2 .
T—>—
—14+14+1=3 13+5(1)—ﬁ=1+5—126—1:5
2 2
— -1
14, lim 07— 30 25, lim ———
z—4  x2 —16 =172 421 — 3
. (z—=D(x+9) z+9 449 13 . (z=1)(x+1) . x+1 1+1 2
lim =lm —=—+ = — lim —~" 7 — ljm—— = —"—- =2 =
a—d (x —4)(x+4) s—ax+4 444 8 a=1 (x—1)(x+3) =+o12+3 1+3 4
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1.3. LIMIT EXERCISES DBU
5 3 9.2
26. lim L 35.  lim z—3z"+1
e—1 32+ 2r — 3 z——00 324+ +5
Notice that as z approaches 1, the numerator Top-heavy rational function, where the expo-
approaches 5 while the denominator approaches nent of the ratio of the leading terms is 1, so
0. However, if you approach from below, the de- the limit is —oo.
nominator is negative, and if you approach from 29
above, the denominator is positive. So the lim- 36. lim az3 5
. . . T—00 I° —
its from the left and rlgl}t Wlll be —oo ar.ld +o0 Bottom-heavy, so the limit is 0.
respectively. Thus, the limit does not exist.
Limits of Piecewise Functions
Limits to Inﬁnlty Evaluate the following limits or state that the
) o limit does not exist.
Evaluate the following limits or state that the
I . -2 2 ifrz<?2
limit does not exist. 37. Consider the function f(z) = (z-2) 1 ‘
—x 4 -3 ifz>2.
27. lim ——
g @ 4 32 4 2 () lim f(x)
This rational function is bottom-heavy, so the o
limit is 0. (2-22%=0
2 b) 1
28. lim T tEEL () lig, f(@)
z——oo 32 +1 2-3=-1
This rational function has evenly matched pow- )
ers of z in the numerator and denominator, so (c) il_>mz f(z)
the limit will be the ratio of the coefficients, i.e.
1 Since the limits from the left and right don’t
3" match, the limit does not exist.
322 4+ 1 38. Consider the function
29. lim ———
z——o0 222 — 15
Balanced powers in the numerator and denomi- —2zx+4+1 ifx<0
nato;, so the limit is the ratio of the coefficients, glz)={ z+1 o<z <4.
i.e.i. x2 42 if x > 4.
30. lim 307~ 2041 (a) JQL%; 9(x)
This is a top-heavy rational function, where the 4+2=16+2=18
exponent of the ratio of the leading terms is 2. (b) lim g(z)44+1=5
Since it is even, the limit will be co. T4
2?32 (c) Jim g(@) 0+1=1
3L xlgrc}o 3 — 64 (d) lim g(z)
Bottom-heavy rational function, so the limit is =0~
0. —2(0)+1=1
(e) lim g(z) Since the left and right limits
32. lim 6 2=0 o
00 match, the overall limit is also 1 .
This is a rational function, as can be seen by .
620 (f) lim g(z)
writing it in the form 0 Since the powers of T
x
z in the numerator and denominator are evenly 2t -3 ifx<?
matched, the limit will be the ratio of the coef- 39. Consider the function h(z) = { 8 if =2
ficients, i.e. 6 . .
—x+3 ifz>2
322+ 4 .
33. lim # (a) lim h(z)
z—oo Tt + 2 z—0
Bottom-heavy, so the limit is 0. 2(0)—3=-3
34 L 2z + 322 + 1 (b) gﬂlgg, h(z)
T et T 222 22)—3=4-3=1
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Evenly matched highest powers of x in the nu-
merator and denominator, so the limit will be

the ratio of the corresponding coefficients, i.e.
3

3

23

lim h(z)
z—2+
“2)13=1

lim h(x)
T2
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Since the limits from the right and left match, ¥
the overall limit is 1 . Note that in this case, the 3T
limit at 2 does not match the function value at
2, so the function is discontinuous at this point,
hence the function is non differentiable at this

point as well. |

obs\j! I
l4—= 1

graphofg |

(a) At which points a in (0,1,2,3,4,5) is g
continuous?

(b) At which points a in (0,1,2,3,4,5) is ¢
continuous from the right?

(¢c) At which points a in (0,1,2,3,4,5) is ¢
40. The graph of a function ¢ is shown. continuous from the left?
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